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‘ | Motivation I

Electroweak precision physics

e experimentally measured (LEP, Tevatron) at energy scales < My
e upcoming accelerators (LHC, ILC) — TeV region
e new energy domain /s > My z becomes accessible!

Electroweak radiative corrections Fadin et al. '00: Kiihn et al. '00, '01, '05:
. . Denner et al. '01, '03, '04, '05; Pozzorini '04;
at high energies /s ~ TeV > My z B.J. et al. ‘03, '04, '05, '06; ...

large corrections in exclusive cross sections I

e clectroweak corrections with large logarithms: ™ lnj(s/M‘%V,Z)

e leading Sudakov logarithms (j = 2n, LL), but large coefficients in front of
subleading logarithms (j < 2n — 1 = NLL, NNLL, N°LL, ...)

e origin of Sudakov logarithms: mass singularities for My, z — 0

e 1-loop corrections ~ 10%, 2-loop corrections ~ 1%, needed for ILC

e individual logarithmic contributions even larger, but strong cancellations
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Il Four-fermion scattering
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Four-fermion scattering: ff — f’f’, important class of processes

Factorization of QED contributions:

f /'

A =Uqep - Aew

f f

e QED factor Ugep — IR singularities from virtual massless photons

(regularized dimensionally or by small photon mass, compensated by real corrections)
e amplitude Agpw — remaining electroweak contributions, IR-safe
e calculate Agw by evaluating A/Uqep with Mphoton = Mw

— works at NNLL accuracy v/

Problem at N°LL (2-loop linear logarithm):

mixing of gauge groups SU(2) x U(1)y through Higgs mechanism

= use simplified model without mixing: B.J., Kiihn, Penin, Smirnov '04, '05
e factorization of QED contributions works at N®LL accuracy

e single mass parameter: M = My, = Myz_ys = Mphoton=B

e include mass difference (Mz — Myy) by expansion around My ~ My

e remaining error ~ O(sin” Ay ) ~ 20% in coefficient of linear 2-loop logarithm
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Factorization into form factor and reduced amplitude:
/ /
f f e INCz
AEW = —F2A x A
S

f / A

Form factor F' of vector current:

f

P2
q = I - u(p2) v" u(p1) + O(fermion masses)
P1
High-energy behaviour s ~ |t| ~ \u| > M%V,Z references: see Kiihn et al. '01

e all double logarithms a™ In*" ~~ form factors F2
e reduced amplitude A — only single logarithms o In"

e A can be obtained from 1-loop and massless 2-loop calculations

= For full logarithmic (N3LL) 2-loop amplitude: need form factor F
— evaluate 2-loop vertex diagrams
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SU(2) form factor in two loops: diagrams

Abelian:
— U(1)

non-Abelian:

Higgs: - fermion:

+ 1-loopx1-loop corrections + renormalization
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High-energy behaviour of the form factor

< Sudakov limit:
P2

q = F(Q?) - u(p2) v" u(p1)
P1

e momentum transfer —q2 - Q2 > M? = MVQVZ

{Euclidean Q* >0, real I Minkowskian Q? = —s — i0 < 0]

analytic

continuation

e neglect fermion masses — external on-shell fermions: p? = p3 = 0

e logarithmic approximation: neglect terms suppressed by a factor of M?/Q?

— works well for 2-loop ns contribution where the exact result in M?/Q? is known
B.F., Kithn, Moch '03
= contains powers of the large logarithm In(Q?%/M?)

= leading order of asymptotic expansion in M?/(Q?

4,3.2,1

e only 2-loop logarithms In , non-logarithmic constant more difficult

o choose Mpiges = Myy — calculation easier, affects only NS3LL, small error
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SU(2) form factor in two loops: result

a2 Q2 43 o[ Q2 235 o ( @2\ confirmed v/
(—) — ln In + —7r2 —— | In*| =
Am 32 M2?2) 48 M? 8 48 M?

13 s 15 11 Q2 new!
" (2‘/§C12(3)+Z\/§”__<3_ﬂ7r2+ 4)1 <M2) ]

B.J., Kithn, Moch '03; B.J., Kithn, Penin, Smirnov '04, '05; B.J., Smirnov '06
In*'32: Kiihn, Moch, Penin, Smirnov '01

Sizes of logarithmic contributions (at () = 1 TeV in per mil):

Abelian: +03In* —1.7In® +82In? — 11 1n + 15

+1.6 —2.0 +1.9 —-05 +0.1
fermionic: —1.0In® +95In® — 26 1n + 42
—1.2 +2.2 —-1.2 +0.4
non-Abelian + Higgs: +1.81n° — 14 1In*+ 43 1n— ...
+2.1 —3.2 +2.0

total: +03In* —09In° +3.7In*> +691n
+1.6 —1.0 +0.9 +0.3
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SU(2) form factor in two loops: result (2)
0-004 L] ] ] ] I ] | | | | | | I
4
- - - = LL(InY
SRR NLL (In*+In%)
NNLL (In*+In>+In?)
0.003 I~ NCLL (In*+In®+in?+int) 2 -
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0.000 k= 1
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Electroweak results: example o(eTe™ — qq) (¢ = d, s)

numerical 2-loop result:

(Z?)Q [ +2.791n* (37-) — 51.981n° (57-) + 321.341n° (572-) —757.35In(
0.03 } ' ' ’_,‘—'—’.
0.02 | -- 7 .
0.01 } ____—"'— .
oo fr— ]
oo | _
-0.02 | - _
003 | _

_ - 4 e
~0.04 LLnT - el
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1l Evaluating Feynman diagrams
in the high-energy limit
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Reduction to scalar diagrams

given from Feynman rules: F* = u(p2) I'*(p1, p2) u(p:1)
wanted: form factor F' with F* = F - u(p2) v* u(p1)

can be calculated using the properties of Dirac matrices and spinors,
{yH, A7 = 2gMY, g u(pr) = 0, @(p2) Pa = 0, combined with tensor reduction

more elegantly with a projector on the form factor:

jo Tr [y, g T (p1, p2) P1]
2(d —2) ¢?

output: form factor F' in terms of scalar Feynman integrals

d%; | d%, =1 (G G
1 k/Q A]\42>nZ
7, 1 2

with propagators and irreducible scalar products in the numerator
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Expansion by regions Beneke, Smirnov '8
a powerful method for the asymptotic expansion of Feynman diagrams

e given: scalar Feynman integral & limit like Q° > M~
e wanted: expansion of the integral in M?/Q?
e problem: direct expansion of the integrand leads to (new) IR/UV singularities

Recipe for the method of expansion by regions:

1. divide the integration domain into regions for the loop momenta
(especially such regions where singularities are produced in the limit M — 0)

2. in every region, expand the integrand in a Taylor series with respect to the
parameters that are considered small there

3. integrate the expanded integrands over the whole integration domain

4. put to zero any integral without scale (like with dimensional regularization)

e usually only a few regions give non-vanishing contributions
e for logarithmic approximation: only leading order of the expansion needed
— in step 2. all small parameters in the integrand are simply set to zero
e sometimes additional regularization (apart from ¢) needed for individual regions
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Expansion by regions: example

Vertex form factor in the Sudakov limit Q2 > M? %

e typical regions for each loop momentum k: q

hard  (h): all components of & ~ @ H

soft  (s): all components of k ~ M
ultrasoft  (us):  all components of k ~ M?/Q
l-collinear (1c): k? ~2p; -k~ M2, 2py- -k~ Q?
2-collinear (2c): k% ~2py -k~ M?, 2pi -k~ Q?

. eEVE dk
e 1-loop vertex correction: f = / (k2 — M2)(

imd/? k2 —2py - k)(k? — 2p2 - k)
O N S B Sy I S w? M?
/ _Q2[ 52"‘51(@) 21n(Q)—|— —I_O(QQ)}
(1c) (2¢) _ 1 i—ln 2 —1n2 2 n( M2 (02 D M?
P00 00 = 5 | = L@ - ) + ) (@) - S+ 0 47 )|

L) e e L[ 1 2@ M=
e () o)
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Expansion by regions: how its works
dk k¢
(k +m)(k +q)

simple 1-dimensional example: f = / , m<Kq
0

soft (s): k~m, k<A
hard (h): k~gq, k>A

f_/A dk k¢ e dk k¢
Jo (k+m)(k+q)  Ja (k+m)(k+q)

i(—nj /Adkk_€+3 OO( )i / oo dk k=€~ i1

. q3+1 0 k:—i_ k—l—q

i /OOdkk =td /oo dk k=t +i( )i /oo dkk—='71 /Adk;k—a—i—l
m _

[ee) 1)-7 Oodkk €+J o) dkk e—1—1 o0 (_ )j 0o i

=2 3+1/ Z( m)/ —Z(— Z qu/O dk k j

J=0 Ng _,

h'd

where m < A < ¢

— 0, scaleless integral

£(5) ()

O TEIO  (n) H 59

j=0 ~ 4

_ ['Ee)l'(1—-e) TI(=¢)l'(1+¢) In(g/m)

(g — m)me (g—m)qs  qg—m +ol) v
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Parameterization of Feynman integrals
e Schwinger parameters:
1 1 > : 10 :
—— = n—/ daa™ te ™ numerator A" = ( ) g4
A inT'(n) J, i O 0
= any number of propagators and numerators may be combined
= can always be transformed to (generalized) Feynman parameters
— evaluation:
/ddk ei(ak2+2p.k) _ ’i?Td/2 (’I:Oé)_d/Z e—in/oz
/OO daa™ ! T(n)I'(r—n)
o (A+aB) T(r)Ar—nBn
e generalized Feynman parameters:
(22 mi) H/OOd ni—1 5(3%%333- - 1) 0+ SC{l L)
X, . " C .
Anz H ['(n;) i Y0 Y (2 wiAg)im o

= convenient also for non-standard propagators, e.g. A; = 2p - k
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Mellin—Barnes representation Ussyukina '75; Boos, Davydychev '91
Feynman integrals with many parameters are hard to evaluate + Im z
— separate parameters by Mellin—-Barnes representation: B ™
1 1 [ dz B* SRRy
c= o | g PRt 2) - Re 2
(A+ B) ['(n) J_io 2mi A —
0O 1 2

e Mellin—Barnes integrals go along the imaginary axis,
leaving poles of I'(—z + ...) to the right
and poles of I'(z + ...) to the left of the integration contour
e applicable to massive propagators (A = k%, B = —M?)
or to any complicated parameter integral
e evaluation: close the integration contour to the right (|B| < |A|) or to the left
(|B| > |A]) and pick up the residues within the contour: Res F(Z)’z:—i = (—1)"/4!
e applicable for asymptotic expansions:
sum of residues yields expansion in powers of (B/A) or (A/B) and In(A/B)
e close link to expansion by regions:
Mellin—Barnes representation of the full integral — sum of residues
— asymptotic expansion with contributions corresponding to the regions
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Mellin—Barnes integrals: extraction of singularities

100 d

1:/ L Pla—2)T(—a+e+2) f(2)

oo 2T e e v
right poles left poles

= The right pole at z = o and the left pole at z = a — ¢ "glue together” for ¢ — 0.
Close contour to the right:

~ResT(a — 2)T(~a +2+2)/(z)| _ =T(E)f(0) =~ f(a) + OF)

2=

= When a left pole and a right pole glue together, a singularity is produced!

Extraction of such singularities:

_|_/ —ZF(1—|—a—z) (—a+e+2)

271 oa— Zz

I = —ResT'(a — 2)['(—a+e+2) f(2) f(2)

7

right poles e
sht P left poles

Now the poles at z = « and z = a — € both lie to the left of the integration contour.
— The integrand can safely be expanded in .
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Example: the non-planar vertex diagram

Scalar integrals with variable powers of propagators:

FNP ’nl, .. ) 6257 (M2>2€ (Q2>n—n7—4
q ——C
g / = (2% 0"
’L7Td/2 Z’7Td/2 _ 6)2)711 ((p2 L E)Q)ng
1

(k — 2p1 - k)78 (02 — 2py - £)ma (K2 — M2)"s (02 — M2)7s N = N123456

(1c-h), (1c-1c),
(h-2c), (2c-2c),

(1c-1c'),
(2¢'-2c),

(1c-us’),
(us'-2c).

Contributing regions: (h-h), (1c-2¢), (us'-us'),

Leading term of (1c-h) region +— k* ~ 2p1 ko~ M? 2py-k~Q% 0~ Q:
F(lc—h) (nl n7) _ 6257 <M2) n n7—4/ / ddf
NP Yo md/z /2
((2192 k)(2p1 - £
(52 —2p1 -0+ (2p2 - k)(2p1 - )/QQ)nl ( — 2p2 (/C +4)+ (2p2 - k)(2p1 - f)/Q2)n2

X ! + O %2
(62 = 2p1 R (2 = 2pa - Dy (K2 = M2)a () ©\ @2

X
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Example: (1c-h) region of the non-planar vertex diagram

Introduce Feynman or Schwinger parameters, integrate & transform into

%2)27135%—6 (_1)77, 6257 P(g — n24)F(g — N6 + ng)P(n35 — g)
Q? I'(d —ni246 +n7) [[,_, T'(ns)
d

1
X / dzideodrs 27 (1 —2)™ a2 (1 — @)™ Ml (1 — )2 !
0

F|\(|Lc_h)(n1, c e ,??,7) = (

d
5 —MN1246

X D'(ni246 — £) [z1(1 — z3) + T2ws] 2

-~

Mellin—Barnes representation:

1200 d Z é_n B
/ —Z ['(—2)'(n1246 — g + 2) (5131(1 — 333)) (wax3)2 711246

oo 2T

J/

= Expression with Mellin—Barnes integral:

F(lc‘h)(n , ) B (%2>2_”35+5 (_1)n e2e7 F(g — n24)F(g — N6 + n7)F(n35 - g)
Np (T Q2 L(n1)T(n2)L'(n3)0(ns) T'(d — ni2ae + n7)?
y /ZOO dz F(_Z)F(% — N146 — Z)F(g — N1246 + N37 — Z)

oo 27T ['(% — nig — 2)

F(n1 + Z)F(g —n3 + z)F(n1246 — g —+ Z)
F(n16 —+ Z)

X
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Example: evaluation of the (1c-h) region for special cases (1)

c- M2 € (1 — QF
Flfllp h)(1,1,1,0,1,0,0):( )6257 (1—¢)I'(e)

Q? (2 — 2¢)2
></ 4 T —e— )T e+ 2)T(e + 2)
oo 2T
Solution known: 1st Barnes lemma Barnes 1908

/zoo % F(Oél — Z)F(Oég — Z) F(QB + Z)I‘(O% 4+ Z) _

oo 2T
[y + a3)(ay + ag)T(as + az)l(as + ay)
I'ag + ag + as + ay)

_ M?\° I'(1—¢)°T(e) T(1 —&)I'(e)(2 — 2¢)
— NP ( ) 707 7070) Q2 € F(2—2€)2 F(Q—é)
1 1 1 .5 B Q2
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Example: evaluation of the (1c-h) region for special cases (2)

2\ ¢ o .
m?WLLLQLLm:—<MC>£WF“ T (e)T(e)

Q2 (1 — 2¢)2
[ rgre g MU et AT b

e 1st possibility: expand integrand in € and/or cancel functions in denominator
— transform to expressions solvable by Barnes lemma etc.

e 2nd possibility: close integration contour to the right and take residues directly:

(MQ)segm I'(1—e)*T(1 +¢)? i [F(125—|—i) T'(1—e+4)

Q? e3[(1 — 2¢)2 F(2—ec+i)  D(2+4)

from z=—e-+1 from z=1

1= ,

expand Gamma functions — sum up to (multiple) zeta values:

2 4

2 1 T i T
FIM11101.1.0)= — 4+ 2 (=249 T2 oL+ 4O
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Example: evaluation of the (1c-h) region for special cases (3)

2\ ¢ o B
Fh(llpc-h)(1,5,1,1,1,1,o):_(M) (17 2er D= € = T (o))

Q2 L(6)T(1 - 2e — 6)2
X /io@ dz T(=2)I'(-1-e—2)(-e-0—2) A+ 2) Q1 —e+2)'(1+c+0+2)
2 [(—¢ — z) L2+ 2)

— 1700

1
Limit 0 — 0 = —— — 0, but gluing polesat z=—-1—c¢and z = —1 — ¢ — o:

T(3)

lc-h L M?\° 5 204 I'(1—€—=0)I'(—¢)l'(¢)
Fe™(1,0,1,1,1,1,0) = lim (@> (=1)%e T~ 2e — o)
M(—2)(-1—e—2)(-e—=0—2) T'(1+2)[(1—c4+2)['(1+ec+ 6+ 2)

['(—e — 2) ['(2+4 2)

_ (%2)5 25 ['(1—¢e)'(—e)l'(e) T'(1 4+ &)'(—e)I'(—2¢)
0 [(1 — 2¢)2 T(1—e)

X Res

z=—1—¢

1 1 1 - 1/1 5 4 1 4 4 7t
= — — [+ — (=342 — LM L —
2et 237 T 2 c (12 i 3@’) Tl T3l O
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| IV Summary & outlook I

Four-fermion scattering

e calculation in the high-energy limit reduced to the SU(2) form factor
e 2-loop form factor calculated including all large logarithms
e clectroweak 2-loop corrections obtained in N3LL approximation

Evaluating Feynman diagrams in the high-energy limit
e expansion by regions

e Mellin—Barnes representation

— effective combination of advanced methods

Outlook: more legs & more scales

apply methods for Feynman diagrams with

e more than 3 external legs — depend on all p; - p;

o different heavy masses My, Mz, Muiggs, M, - ..

= successful extraction of LL and NLL contribution from Mellin—Barnes integrals v*



